
Gravitational Lensing & Cosmology

• Basic concepts of Weak Lensing 

• Measuring Weak Lensing from Galaxy Shear 

• Lensing of the CMB 

• Not covered: 

• Lensing by Galaxy Clusters 
• Strong Gravitational Lensing

Cosmology School in the Canary Islands 
R. Ben Metcalf (U. of Bologna)
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Propagation of a light ray 
from geodesic equation

Image 

Source 

�

�

light 
Lens 

�� = �� � ��(��)

Single Lens Plane Lens Equation

�� = ��

�2� = 2�

�(�) =
�(�)
�crit

Lensing potential

Convergence 
/ dimensionless surface density

�crit(zlens, zsource) =
c2

4�G

D(zsource)
D(zlens)D(zlens, zsource)

Critical density

d

2
x?

d�

2
= �2r?�





Weak Lensing in the Field
In the weak lensing limit the 
ellipticity of a galaxy is the intrinsic 
ellipticity plus the shear.

To measure a shear we average 
over the ellipticities of galaxies in 
a region of the sky

The error in this estimator even with 
perfect measurements is limited by the 
intrinsic ellipticity of galaxies and their 
number density on the sky.

� ⇠ 0.03 �✏ ⇠ 0.3In the field <⇠⌘
30 galaxies arcmin

�2

• In the field, “cosmic shear”, the emphasis is on statistical measures of the 
shear rather than mapping of the actual mass distribution.  Also cosmology 
generally predicts statistical properties in any case. 

• Must consider deflections by multiple planes or continuous 3D potential field 

• Because the signal-to-noise per galaxy is so low, errors and bias in the 
ellipticity, or shear estimator, becomes a critical issue. 

and
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Galaxy-Galaxy Lensing

h�ti = � hi ⌘ �⌃

Theorem:

Tangential shear 
averaged around a 
circle on the sky

Convergence averaged 
within the circle

Convergence averaged 
around a circle on the 

sky
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Mandelbaum, at al. 2013  SDSS

Galaxy-Galaxy Lensing

Measurements

Break galaxy sample up into foreground 
and background samples using redshift or 
colours. 

Further break the sample up according to  
foreground galaxies’s properties - LRGs 
etc.  

Proposed by Tyson et al. 1984 

weak detection Brainerd, et al 1996 

detection in the Sloan Digital Sky Survey 
(SDSS) Fisher et al. 2000

foreground galaxy

background galaxy



Measurements

Proposed by Tyson et al. 1984 

weak detection Brainerd, et al 1996 

detection in the Sloan Digital Sky Survey 
(SDSS) Fisher et al. 2000

Galaxy-Galaxy Lensing DES Data 
Clampitt et al. 2017

Break galaxy sample up into foreground 
and background samples using redshift or 
colours 

Further break the sample up according to  
foreground galaxies’s properties. LRGs 
etc.  



Zu & Mandelbaum, 2014  SDSS

Galaxy-Galaxy Lensing
Measures: 
• the mass of a galaxies + halos at larger radii 

and smaller sizes than strong lensing - several 
kpc to Mpc distances

• the dark matter density 
profile around galaxies 

• Mass-to-light ratios of 
galaxies, bias 

• evolution in these with time 

• Correlation of mass with 
other properties of the 
galaxies 

• By comparing Galaxy-galaxy 
lensing to the galaxy 
velocity correlation function 
you can test General 
Relativity Reyes, et al. 
2010, Nature 
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Multiplane Lensing Equation 

deflection by a thin slab

turn the sum over slabs into an integral

from expression for angular size distance

The definitions of the convergence and 
shear components in terms of derivatives 
of the angles

What it this? The position on each plane depends on the 
deflections on all previous planes so taking this derivative is 
not trivial.
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This means there is a 
rotation.  This is not 
possible in the case of a 
thin single plane lens.

D12 = af(�2 � �1)



Multiplane Lensing Equation 

The Born Approximation:

• Calculate the deflections on each plane at the positions the unperturbed path 
would have taken. 

• This is not valid at small scales and when there is one or more not so weak 
perturbers along the line of sight.

D(z) = a(z)f(�) =
f(�)

(1 + z)

Remember that the 
angular size distance is

convergence
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Multiplane Lensing Equation 

from perturbation theory the Poisson 
equation relating the potential to the 
density contrast

Essentially it is a sum of the surface density 
contrasts with respect to the average density 
of the Universe - assuming 1) weak lensing, 
2) Born Approximation

For a distribution of galaxies with 
different distances.

The source galaxies are not at a single redshift so usually one measures the 
convergence map averaged over the source galaxy redshift distribution.



Carlo Giocoli & RBM, 2016

convergence map as a function of source redshift



Convergence maps with shear  
overlaid

maps of the magnitude of the shear

From ray-tracing simulation 
using the MultiDark cosmological simulation 
Giocoli et al. 2016



shear maps w4



deflection maps w4



The Power Spectra

Convergence

The convergence and density power spectra can be related with the Limber 
approximation in Fourier space (Kaiser 1992)

This is the approximation that it is only the perpendicular distance between points 
in space that contributes to the angular correlations.  It is generally a good 
approximation, but for high precision work it must be dropped.  We have also 
taken small angle / flat sky approximation that allows us to take the Fourier 
transformations on the sky.  This will break down at large angular scales.  A more 
rigorous treatment uses spherical harmonics instead of a Fourier transform, but it 
less intuitive.



Cosmological Background

plot of power spectrum

power spectrum of density fluctuations for different redshifts



Cosmological Background
Convergency power spectrum for different source redshifts



From ray-tracing simulation 
using the MultiDark cosmological simulation 
Giocoli et al. 2016

Cosmological Background



Observing Cosmic Shear

B-modes

�t > 0 �t < 0

E-modes

�⇥ < 0 �⇥ > 0



Observing Cosmic Shear

E and B mode decomposition

Can decompose any 2D vector field into a E and B components

deflection

shear field - traceless part of the shear tensor
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Sources of B-modes 

• Breakdown of Born Approximation and the 
weak lensing approximation (nonlinear 
terms) 

• Nonlinear terms in the relation between the 
shear estimator and the shear 

• Bias in the galaxy selection 

• Correlations in the intrinsic shape of galaxies 

• residuals in the PSF (point spread function) 
corrections



Observing Cosmic Shear

The Aperture Mass

rms aperture mass is related to the  
related to power spectra

tangential and cross shear with 
respect to the centre of the 
aperture mass

B-made aperture mass



Observing Cosmic Shear

The Aperture Mass

Because the B-modes 
are expected to be 
very small, they are 
often used as a 
necessary, but not 
complete check on 
the systematic errors 
in the E-modes.



Observing Cosmic Shear

Shear Correlation Function
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Observing Cosmic Shear

Shear Correlation Function

It is common to define the following two correlation functions

by parity symmetry 

An estimators for these are
wi

Weights used to reduce 
the noise when the noise 
in each measured 
ellipticity is different.

The sum is over all pairs of 
galaxies that are within range of 
separations.



Observing Cosmic Shear



Observing Cosmic Shear

Shear Correlation Function
No clear separation between E and B modes.

But pure E and B quantities can be constructed from them



Observing Cosmic Shear

E & B mode decomposition



Observing Cosmic Shear
Systematics

• PSF corrections 
color dependance 

• redshifts 
    photometric redshifts are necessary 

• galaxy shape measurement 
bias estimators 

• Intrinsic alignments & GI correlations 

✏✏✏obs = (1 +m)✏✏✏true + c



•PSF corrections 

The PSF varies with color so galaxies will have different PSF than 
the stars and each other. 

There are color gradients within galaxies so a purely color 
dependent correction is not perfect.



Observing Cosmic Shear
Systematics

• PSF corrections 
color dependance 

• redshifts 
    photometric redshifts are necessary 

• galaxy shape measurement 
bias estimators 

• Intrinsic alignments & GI correlations 

✏✏✏obs = (1 +m)✏✏✏true + c

m ⇠ 1� 10%

c ⇠ 0.1� 1%



Observing Cosmic Shear

There are three types of terms in this correlation 
function 
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Systematics

Intrinsic alignments & GI term

GG correlation II correlation



Observing Cosmic Shear
Systematics

Intrinsic alignments & GI term
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There are three types of terms in this correlation 
function 

shear-shear elipticity-elipticityshear-ellipticity

GG correlation II correlationGI correlation



from M. Kilbinger 2014

Observations

S8 = �8
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Weak lensing surveys, to lowest order, measure 
a combination of cosmological parameters 
given by 

Weakly depending on 
the redshift 
distribution of sources.

power spectrum 
normalisation

matter density



from M. Kilbinger 2014

Observations

CMB



Observations

Hildebrandt, et al. 2016



Hildebrandt, et al. 2016

Observations



Hildebrandt, et al. 2016

Observations
S8 = 0.783+0.021

�0.025

DES Y1 gg lensing + cosmic shear + angular correlation function



Köhlinger, et al. 2017

Observations

KiDS-450

S8 = 0.783+0.021
�0.025

DES Y1 gg lensing + cosmic shear + angular correlation function



Abbott, et al. 2017

Observations

DES Y1



Convergence Power Spectra for multiple source 
redshift bins

LSST Website 

Observations Future :   
more from KiDS 
more from Dark Energy Survey (DES) 
Hyper SuprimeCam (HSC) 
Large Synoptic Survey Telescope (LSST) 
Wide Field Infrared Survey Tel. (WFIRST) 
Euclid

With redshift information, 
and enough galaxies, the 
shear power spectrum can 
measured as a function of 
source redshift. 

The redshifts for so many 
galaxies need to be 
measured by photometric  
redshifts. 

This will probe the evolution 
in the energy densities of 
the universe as a function of 
redshift.



The Cosmic Microwave Background (CMB)Lensing of the CMB

Planck Observations



CMB Power Spectrum
Lensing will make the local power spectrum anisotropic 

and magnified.
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CMB Power Spectrum
Lensing will make the local power spectrum anisotropic 

and magnified.
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Lensing of the CMB

X = E,B

Hu et al 2003

Primordial B-mode 
polarization cannot be 
produced by scalar 
perturbations. 

They are produced by 
primordial gravity waves. 

And by gravitational lensing.

Lensing induced B-mode polarization 
power spectrum 

Range of primordial B-mode 
polarization power spectrum

Temperature power spectrum 

E-mode polarization power spectrum



Lensing of the CMB

X = E,B

Deflection power spectrum 

Total noise in deflection 
reconstruction

Hu et al 2003

Primordial B-mode polarization 
cannot be produced by scalar 
perturbations. 

They are produced by 
primordial gravity waves. 

And by gravitational lensing.

Okamato & Hu 2003



Lensing of the CMB

Planck Observations

Noise Levels
map of the lensing potential

Abe, et al. 2016, A&A, 594. A15



Lensing of the CMB

Planck Satellite Observations

Abe, et al. 2016, A&A, 594. A15
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Other topics in gravitational lensing 
       & cosmology 

•Density reconstruction in galaxy clusters using weak lensing 

•Strong lensing reconstruction of galaxies, groups and cluster 

•Strong lensing time-delays as a measure of the Hubble constant 

•Probing small scale structure with strong lensing 

•Using lenses as gravitational telescopes to survey high redshifts 

•Weak lensing from high redshift 21 cm radiation 

•Weak lensing from the Lyman alpha forest
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