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ribe a de-proje
tion method to re
over the 3D distribution ofthe ionized gas and dust 
omponent in planetary nebulae. Based on observations inthe opti
al and radio regime, we propose an analysis-by-synthesis approa
h to obtainphysi
ally 
onsistent spatial distributions that take extin
tion as well as s
atteringinto a

ount. As input we require two 
alibrated data sets of the same planetarynebula, a radio free-free emission map and a hydrogen re
ombination line map.From the radio free-free emission map, we �rst re
over the density distribution ofthe ionized gas 
omponent using non-linear optimization while enfor
ing symmetry
onstraints. In a se
ond step, we 
ompare the re
overed gas distribution to the inputhydrogen re
ombination line map and optimize for the density distribution of thedust 
omponent 
onsidering extin
tion as well as s
attering.Key words: re
onstru
tion, 3D modelling, volumetri
 modelling1 Introdu
tionThe importan
e of 3D models of planetary nebulae (PN) has in
reased lately. Er-
olano and 
ollaborators introdu
ed the mo
assin 3D Monte-Carlo photoionization
ode [1, 2℄ whi
h is widely used in the literature for 
omparing models of PNe withobservations. The results are very exa
t simulations using a given set of parameters,but have the major disadvantage that 
omputations times are long and the param-eters have to be adjusted by hand after every simulation run, until the results bestmat
h the observations [7℄.A method to speed up 3D photoionization by interpolation was proposed byMorisset [8℄. Due to the faster 
omputation time this method would be more appro-priate for automati
 parameter optimization.Another approa
h towards 3D modelling of PNe is presented by Ste�en et. al [10℄.The authors 
ombine models generated by 
ommer
ially available 3D modellingsoftware with a 
ustom renderer to reprodu
e observed data for given PNe.
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h, M. Magnor, S. El-Abed, TH. Lee, HP. SeidelOur approa
h is based on the algorithm presented previously by Magnor etal. [6℄, who re
onstru
ted only 3D emissive volumes for planetary nebulae. Theauthors assume that absorption and s
attering is negligible. As pointed out in [3, 4℄there are, however, quite signi�
ant quantities of dust present in planetary nebulaeand their e�e
t needs to be 
onsidered. Therefore, we re
over the 3D distributionof ionized gas and dust by extending the re
onstru
tion algorithm in su
h a waythat it also 
orre
tly a

ounts for absorption and s
attering due to dust. In detailinformation about the proposed algorithm 
an be found in the paper fo
using on
omputer graphi
s related te
hni
al details [5℄.2 3D Re
onstru
tionOur re
onstru
tion is based on the following rendering model. The observed radian
e
L(x, y) at a 
amera at position c is a fun
tion of the gas emission Le(v), extin
tion
τ (v), and the albedo σ(v) of every voxel v along the ray through the 
amera pixel:

L(x, y) =

Z ∞

c

e−
R

v
c

τ(w)dw · (Le(v) + σ(v) · S(v)) dv, (1)where S(v) is the total ins
attering to the voxel v towards the 
amera due to theemission Lstar
e of the nebula's 
entral star(s) at position pstar. Considering singles
attering only, S(v) is 
omputed as

S(v) = φ(c, v, pstar)Lstar
e · e−

R

v

pstar τ(w)dw (2)in
orporating the extin
tion on the way from the star to the voxel as well as theHenyey-Greenstein s
attering phase fun
tion φ from the star to the voxel into thedire
tion of the 
amera c. We assume the same phase fun
tion for all voxels. φ, Lstar
e ,and pstar are assumed to be known.The extin
tion τ (v) and the albedo σ(v) are dire
tly proportional to the dustdensity ddust(v), while Le(v) is linearly related to the 
on
entration of ionized gas

dgas(v). The exa
t fa
tors 
an be found in physi
s textbooks. The goal is to deter-mine ddust(v) and dgas(v) up to s
ale.Re
onstru
ting a 3D volume based solely on a single 2D view is generally anill-posed problem. Using the axial symmetry 
onstraint we 
an simplify the problemof re
onstru
ting a 3D volume to that of re
onstru
ting a 2D map. This redu
es the
omplexity of the re
onstru
tion problem and speeds up the optimization pro
ess.At ea
h step in the re
onstru
tion, a 3D volume is obtained from the 2D mapsby rotating the maps around the symmetry axis. During the des
ription of thealgorithm, to better distinguish between referen
e images and the re
onstru
ted2D sli
es, we will refer to 2D re
ordings of real nebulae as images, and to there
onstru
ted 2D axis-symmetri
 distributions as maps.2.1 OptimizationTo drive our optimization we use the standard implementation of Powell's non-linearoptimization method [9℄. At every step, the sum of squared di�eren
es between therendered and the referen
e image is evaluated. The algorithm minimizes this error
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tional by updating individual pixels in the maps and stops when it drops belowa given threshold. We always initialize the maps to be zero. Besides the values inthe 2D map, the algorithm also optimizes the in
lination and orientation angles ofthe nebula.For a more e�
ient and more stable optimization we perform the optimizationhierar
hi
ally, start by optimizing a low resolution map, su

essively in
reasing theresolution until it slightly ex
eeds the resolution of the input images.2.2 Planetary Nebula Re
onstru
tionWe use a pair of radio and visible wavelength images. The �rst input image (denotedas U) is a radio 
ontinuum image from whi
h we derive the gas distribution dgas.The radio data is not a�e
ted by the dust distribution at all. The radio intensity Uis related to the expe
ted visible emission U ′ of the gas by the following equation [4℄
U ′ = 6.85 · 10−10 · ν · U (3)where ν is the frequen
y of the radio observation in GHz and U is measured in

Jy. We 
ompute U ′ whi
h would 
orrespond to an image of the nebula at thewavelength of Hα emission of the ionized gas as if no dust were present (Figure 1,left). The se
ond input image, denoted A (Figure 2, left), is a 
aptured image at thisparti
ular narrow band of visible wavelength 
orresponding to the same emissive Hαgas elements whi
h in fa
t is a�e
ted by s
attering and absorption due to the dust.Gas distribution estimationIn the �rst step, the emission density map 
orresponding to the ionized gas distri-bution dgas(v) is re
onstru
ted using U ′ as referen
e image. The rendering modelsimpli�es to
L(x, y) =

Z ∞

c

Le(v)dv (4)be
ause this observation is almost una�e
ted by the dust, so no absorption or s
at-tering needs to be 
onsidered. The gas distribution map is estimated using theiterative non-linear optimization algorithm (Se
tion 2.1). Given a 
urrent estimateof the gas density map dgas, the emission Le(v) is 
omputed and an image is ren-dered a

ording to Equation 4. The optimization drives the di�eren
e between thisestimated image and the referen
e image U ′ to a minimum. We initialize the opti-mization with a homogeneous distribution. Figure 1 shows the referen
e image U ′,the re
overed gas density map dgas and the rendering of the re
onstru
ted volume.The re
onstru
tion resembles the input up to the non-symmetries in the input.Dust distribution estimationUsing the gas density map dgas from the previous step and the image A as refer-en
e, we optimize the dust density map until the re
onstru
ted model resembles thereferen
e image A. In this optimization step the nebula is rendered taking s
atteringand absorption into a

ount as des
ribed by Equation 1. This time, the emission isderived from dgas, while ddust a

ounts for s
attering and absorption. In this pro-
ess, the emission density map dgas re
overed in step 1 is not optimized anymore.The results of this �nal optimization step are shown in Figure 2.
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Fig. 1. Left: Input image for the M3-35 planetary nebula [4℄, 
orresponding to U ′.Middle: Re
overed gas density map dgas (it is rotated along the top horizontal axisto obtain the rendering on right). Right: Rendering of the re
onstru
tion, followingEquation 4. We re
over an in
lination angle of 73◦, orientation angle of 62◦. S
ale onthe side shows pixels. In this Figure as well as in Figure 2 the rightmost renderingsare obtained by rotating the map in the middle around the axis of symmetry withthe determined in
lination and orientation angle.
Fig. 2. Left: Hα image of the M3-35 planetary nebula [4℄, 
orresponding to A. Thesymmetry axis in this �gure as well as in U ′ from Figure 1 spans from the upper leftto the lower right 
orner. Middle: Final re
overed ddust dust map. Right: Renderingof the �nal re
onstru
tion, 
onsidering absorption and s
attering; gas and dust arerendered together at this step following Equation 1.3 Con
lusionGiven two input images at radio and visible wavelengths, we 
an re
over both the 3Ddistribution of emitting gas as well as the density of dust parti
les in axis-symmetri
nebulae. Our physi
ally-based re
onstru
tion and visualization algorithms simulateemission, absorption and s
attering.The approa
h presented in this paper only presents re
onstru
tion results basedon radio / visible input image pairs. In our more detailed, 
omputer graphi
s orientedpaper [5℄ another similar method is presented to re
onstru
t ionized gas and dustdistribution starting from an infrared image at 12 µm and a Hα image. In thementioned paper re
onstru
tion results for PN Hen 2-320 are reported.Be
ause we assume axial-symmetry, the re
onstru
tion results depend on thein
lination angle of the symmetry axis and the proje
tion dire
tion. The best qualityis obtained if the symmetry axis is parallel to the image plane.
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