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    Multi-level Non-LTE line transfer is: 

 

 -  non-local: the scattering process couples very distant points of the 
medium 

  

                 the non-local coupling between 

                            the radiation field  and   

                                     the state of the gas. 

 

 -  non-linear: in a multilevel atom, atomic level populations and the 
radiation field intensities in the corresponding line transitions are 
non-linearly coupled via the statistical equilibrium (SE) equations 

 

                      simultaneous solution of 

                         the radiative transfer (RT) and  

                               the statistical equilibrium (SE) equations  

                                  by an iterative procedure is needed. 

Multi-level NLTE line transfer problem 



RT equations for each line transition ij in a static, plan-parallel atmosphere with 

complete redistribution and no background continuum: 

Problem equations for NLTE multilevel atom line RT  

(C.R.) 

SE equations for each atomic level  nj: 

- dimensionless frequency 

rate matrix 



Equations of statistical equilibrium 

In a stationary                  and static case               ::  

radiative collisional 



NUMERICAL METHODS 

Complete linearization  ( Auer and Mihalas, 1969;  Auer, 1973) 

Linearization of coupled equations in all relevant variables and their 

simultaneous solution for the variables’ corrections:  

- The convergence rate is high. 

- Large number of frequencies, angles and depths is required, 

and hence huge memory storage and a lot of computing time. 

 matrices of dimension 

(NF x ND) x (NF x ND)  



Complete Linearization for NLTE line formation problem 

Large number of frequency points!  

Restricted to simplified atomic models and geometries.  

matrices of dimension 

(NFxNF)  

(Auer, 1973) 

VEFs are used ! 

(stimulated emission is included 

as a negative absorption) 

Linearization of the difference equation form of the RT equation 

A system of coupled linear equations 



The goal is to keep large number of discretization points in order 

to provide the accurate solution,  

 

                                       but  

 

either to decrease the dimensions of matrices to be inverted,  

 

or to completely avoid matrix representation of the problem.  



Sequential iterative procedure  
   (Simonneau and Crivellari, 1994) 

A global problem can be divided into separate blocks according to its 

physics and the mathematical properties of the relevant equations.  

The current solution of each individual block can be obtained by 

assuming that the output of the others is known. 

In the multilevel line formation problem, each step of the iterative 

procedure is usually split in two parts. Within each of them one of the 

two systems of equations, RT and SE, is solved by taking the 

solution, or part of the solution, of the other as known.  

The convergence rate depends on the amount of information 

transferred between the two parts of each iteration step.  

Each block can be optimized independently.  



the simplest sequential iterative procedure   

 solves the problem equations (RT and SE) in turn 

In most cases of interest  (in the scattering dominated 

media of large optical thickness)  the  convergence is 

extremely slow ! 

Ʌ  iteration  



ETLA 

Equivalent-Two-Level-Atom approach 

(Avrett, 1968; Avrett and Loeser, 1987) 

Only one transition in the model atom at a time is combined 

with the transfer problem and the coupling of all levels is 

achieved by iteration over all transitions.  



Scharmer’s operators (1981), first ALOs in multi-level line transfer            MULTI            

(Carlsson, 1986)   

   Methods for multi-level line transfer based on ALO with:  

 

  Jacobi iteration + Ng acceleration            MALI  by Rybicki & Hummer (1991) 
 
  Gauss-Seidel + SOR             MUGA  by Asensio Ramos & Trujillo Bueno (2006) 
and  Paletou  & Leger (2007) 

 

Approximated/Accelerated Lambda Iteration – ALI  methods 

Olson et al. (1986) - diagonal (local) ALO   

Implicit Integral Method (IIM) by  Crivellari, Cardona & Simonneau (2002)  

Iteration factors Method (IFM) by  Kuzmanovska-Barandovska & Atanackovic  (2010) 

Forth-and-Back Implicit Lambda Iteration (FBILI)  by Atanackovic-Vukmanovic,  

Crivellari & Simonneau (1997) and Kuzmanovska, Atanackovic & Faurobert (2017)  

                                   No additional acceleration is needed!  

  

ALI became the methods of choice! 



Integral form of RTE  (short characteristics approach) 

RTE  “along the ray”  

The formal solution of this equation (integrating from point L-1 to L)  

  transmitted from point L-1 to point  L 

Polynomial representation of the source function  leads either to:  

or 

(ALI: 3-point algorithm)  

(FBILI: 2-point algorithm) 



Iteration Factors 

Method (IFM)  

Line formation 

problem  

IFM for multi-level atom line transfer  

Kuzmanovska-Barandovska & 

Atanackovic  (2010) 



Iteration Factors Method for multilevel NLTE line transfer 

  Linearization (                     ) 

where 

(Kuzmanovska-Barandovska & Atanacković, 2010) 

Linearized moment equations - tridiagonal form 
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and 

For each line transition we have only one  

second-order differential RT moment equation 

For each depth point d, a linearized RTE:  

with 

(Linearized SEE) 
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  Preconditioning – modified SE equations  

The assumption that the level 

populations in the line-opacity-like 

terms are known (from the previous 

iteration) enables us to write 

Difference equation form of the RT equation containing the modified SE eqs.  

Preconditioned SE eqs. as 

used in Implicit Integral 

Method by Crivellari et al. 

(2002),  



COMPARISON WITH OTHER METHODS 

Kuzmanovska-Barandovska and Atanackovic, 2010 

Test problem: spectral line formation by a 3-level 

hydrogen atoms in a plane-parallel, semi-infinite 

isothermal atmosphere, with no background opacity 

(Avrett and Loeser, 1987) 



      
 

     CW – total computational work 

    CPU/it – computational time per iteration 

iteration 



      
 

     CW – total computational work 

    CPU/it – computational time per iteration 

Kuzmanovska-Barandovska and Atanacković (2010) 

iteration 



Forth-and-Back Implicit Lambda Iteration 
(employs preconditioning as in the MALI by Rybicki and Hummer, 1991)  

Statistical equilibrium equations: 

Given the implicit linear relations between the frequency integrated mean 

intensity and the line source function (for each line transition ij ):  

we obtain the preconditioned (linear) SE equations:   

and  



Forward elimination: 

Upper boundary condition: 



Back-substitution Lower boundary condition: 

Preconditioned SE equations 

Preconditioned SE equations 

with  

with  



Maximum relative change  
Number of iterations needed to achieve the given Rc 

with the MULTI code (local and global operators) and 

with the FBILI method.  

Test problem: CaII (5 bound levels + continuum) line formation in 1D 

solar atmosphere (FALC model)  

•  FBILI method has a very high convergence rate like the global operator method 

•  Memory requirements and a CPU time per iteration are as small as that of a local 

operator method.  


