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Components of a simulation 

• N-body simulation has three components: 

 

1. Setting up the initial model 

2. Computing the evolution 

3. Analysis of the results 

 

• Step 1 – disk set up 



Setting up a disk 

• Choose (r,z) and measure central attraction   
from this disk and halo 

• No DF known, in general 

• Choose Toomre’s Q(r)   R = Q (3.36 G /) 

• Epicycle approximation  = /(2) R 

• Then use Jeans eq. to set mean orbit speed 

 

 

• Problem: RHS is usually negative near disk center! 



Again we need a DF 

• Shu (1969) gives a prescription to  generate an 
approximate DF 

• Better, but still uses epicycles and the surface 
density is not exactly right when random 
motions are large 

• Other methods are needed - e.g. an orbit 
library (Schwarzschild 1979) or M2M (Syer & 
Tremaine 1995, Hunt & Kawata 2013) 



Vertical balance of disks 

• Since 

 

 

 

    all 2-integral DFs must give R = z, but this is 
not observed for realistic disks 

• No DFs are known that are functions of more 
integrals 



Vertical balance of disks – cont’d 

• So use Jeans equations again: 

 

 

 

• NB. there are three reasons why you should 
not use Spitzer’s formula for the isothermal 
sheet (sech2, bulge/halo, and soft G) 



Components of a simulation 

• N-body simulation has three components: 

 

1. Setting up the initial model 

2. Computing the evolution 

3. Analysis of the results 

 

• Step 3 



What do we want to measure? 

 



What do we want to measure? 
• Density profiles of both the disk & halo 

– orbital frequencies as functions of radius 

– central attraction, (R), (R), & (R) 

• Quantify departures from axisymmetry and 
measure their pattern speeds 

• Velocity distributions in disk and halo 
– full phase space information 

• Angular momentum distribution 
– exchanges between disk & halo 

• Total energy, virial balance, momentum, etc. 
as checks 

 



Common practice 

• At frequent intervals, save files with the phase 
space coordinates of all the particles 

• For a large number of particles these files can 
be unwieldy 

• Need programs to analyze them – e.g. TIPSY 
from U Washington 

 



On-the-fly approach 

• Measure most things from within the main 
simulation program and save reduced data 
only 

• Advantages 

– quantities such as forces and potentials are known 

– much less data to manipulate 

• Disadvantage 

– need to rerun if something you need was not 
measured – very rare 



Study of 
spirals 
• word 



Power spectra 

• From 250 analysis 
steps (not 120GB!) 

• Lifetime of each 
pattern is several 
galactic rotations 

• Inner disk heats first 
and patterns fade 



Measuring density profiles 

• Need first to find the center x0 – not trivial 

1. either the potential minimum, or 

2. particle centroid (McGlynn 1984):  iteratively 
minimize    C =  [|x - x0 |

2]1/2    gives lower 
weight than CoM to distant outliers  

• Note, this may be done anyway 

– polar grids work best when centered on the 
densest point 

• Kernel estimates of density require a trade-off 
between bias and noise – can do better 



Non-parametric measure of density 

• Sort particles in radial distance from  x0 

• Save r and mass interior for every nth particle 

– particles could have unequal masses 

• Divides the model into shells 

– density in jth shell = 3Mj/ 4(rj
3 - rj-1

3) 



Halo density 
change 

• From S08 

• Friction acting 
on rigid massive 
bars of differing 
lengths 

• Nhalo = 106 

• Black curves at 
start, dashed = 
theory 



Density transforms 

• e.g. spherical Bessel functions for the halo 

• For the disk: recommend 

                Am(p) = i exp[i(mi + plnri)] 

• These complex coefficients measure the 
amplitude  and phase of an m-armed 
logarithmic spiral of inclination                            
 = arctan(p/m) to the radial direction 

• p > 0 is a trailing arm p < 0 is leading 



Fitting a mode 

• |A2(p)| for 
various p 

• Low initial 
amplitude from a 
quiet start 

• Select period of 
linear growth on 
this log scale 



Fitting a mode 2 • Alternative 
display of the 
same data 

• Notice that the 
shape at each 
time is nearly the 
same 

• Least squares fit 
of a growing 
function of fixed 
shape and 
pattern speed  



Fitting a mode 3 

• Residuals after 
fitting a single 
mode 

– not entirely 
noise 

– perhaps a 2nd 
mode? 



Fitting a mode 4 

• Transforms of the 2 
fitted modes 

• Fit for pattern 
speed, growth 
rate, and shape of 
the dominant 
mode(s)  

• Check against the 
prediction 



Fitting a mode 5 

• Shapes of the two fitted modes 



Stochasticity 

• Unfortunately, results are this clean only when the 
disk has a simple global instability 

• N-body simulations of more realistic disks are 
usually stochastic (S & Debattista 2009) 

• Amplitude and pattern speed evolution of the bar 
in 16 separate realizations of the same model 

 



Swing amplified noise 

• The fundamental source 
of stochasticity is swing-
amplified shot noise 

• Fluctuations at step 0 
are amplified and 
change the macroscopic 
properties of the disk 

• Different random 
selections seed different 
responses and the 
evolution diverges 



Intrinsic to the system 

• Dependence on the random seed is not 
caused by any numerical inadequacy 

• Stochasticity does not depend on: 

1. number of particles (in most cases) 

2. grid size, time step, softening, ... 

3. or even the N-body code – same with grids and  
tree codes 

• Stellar dynamical equivalent of Lorentz’s 
butterfly in the Amazon forest 



A linearly stable disk 
• “Mestel” disk:    1/r, Vc = const 

• Toomre & Zang introduced central cutout 
and an outer taper in active density 

– both replaced by rigid mass 

• Carried through a global stability analysis of 
warm disks with a smooth DF  

– confirmed by N-body simulation (SE01) 

• Halve the active mass, in order to suppress 
a lop-sided instability, and set Q = 1.5  

• They proved this disk is globally stable 



Simulations of the ½-mass Mestel disk 

 
• Peak  = / from    

m = 2 with different N 

• Amplified shot noise at 
first  

• Always runaway 
growth of spiral activity 

• More and more 
delayed as N is 
increased 

rot = 50 in these units 



Simulations of the ½-mass Mestel disk 

• So what is going on 
here? 

• Rapid growth once       
 > 2% – non-linear 
already? 

• Real galaxies are not 
as smooth as                 
N = 500M! 

• More detailed analysis 



No single coherent wave 

• Several separate 
frequencies as 
the amplitude 
rises – i.e. not a 
single mode 



A true instability 
of the perturbed disk 

• Restart from time 
1400 with reshuffled 
phases 

– green: azimuth only 

– blue: both R and  

• No visible spiral by 
t=1400 

• Yet the model now 
possesses a vigorous 
instability 



A true instability 
of the perturbed disk 

• Vigorously growing mode 

– fixed shape and frequency 

• Best fit shape 

– peak near corotation 

– extends to LRs 

 

• Decays after it saturates 

– CR peak disperses 

– “wave action” drains to LRs 



Action-angle  
variables 

• Rosette orbit 

– uniform angular speed 

– plus a retrograde epicycle 

• Actions are 

         Lz  J  &  JR 

• Angles 

          w & wR 

 



Change to DF 

• Density of particles in action space 



Scattering at the ILR 

• Changes in action                        
space density  

• Apparently                                      
changes at ILR                                
only 

• p from power                    
spectrum – no                               
free parameters  

– dashed – resonance locus 

– solid – scattering direction from JR=0 



Recurrent cycle? 

• Each disturbance leaves behind a damaged DF 

• Apparently creating the conditions for a new 
instability 

• Exact mechanism for new mode is still not 
completely clear 
– perhaps a horrible artifact of the simulations! 

• Paused to await evidence that something 
similar occurs in nature 



Geneva-Copenhagen survey 
(Nordström et al. 2004) 

• Known distances, full 
space motions and ages 
of 13,240 local F &G 
dwarfs 

• DF not at all smooth 
(Dehnen 98) 
– Not dissolved clusters 

(FP06, BO07, BH10) 

• Hard to interpret the 
structure in velocity 
space 



Project into action space 

• Scaled by R0 and V0 
assuming a locally flat 
RC 
– Lower boundary: 

selection effect 

– L-R bias: asymmetric 
drift 

• One strong feature 
– (bootstrap analysis) 

• Scattering or 
trapping? 



Phases of 
these stars 

• Action-angle variables 
– radius shows epicycle 

size – ( 2  JR) 

– azimuth is 2w – wR 

• Concentration of stars 
at one phase 
– m > 2 disturbances are 

also supported,  

– suggests an ILR 

• Exactly the stars (red) 
in scattering tongue 



Resonant stars 

• Resonant stars are the 
“Hyades” stream 

• Far more than just the 
Hyades cluster 

• Distributed pretty 
uniformly around the sky 

• Hyades cluster (age ~ 650 
Myr) is in this resonance 

• Gaia will be wonderful 



Implications 

• Evidence for an LR 

– probably an ILR of an m = 4 spiral 

• Support for the picture I have been 
developing from the simulations 

– spirals are transient 

– decay of one pattern seeds the growth of 
another 

– each is true instability of a non-smooth DF 


